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Tate’s Thesis

Stephen S. Kudla*

Tate’s thesis, Fourier Analysis in Number Fields and Hecke’s Zeta-Functions
(Princeton, 1950) first appeared in print as Chapter XV of the conference pro-
ceedings Algebraic Number Theory, edited by Cassels and Frolich (Thompson
Book Company, Washington, DC, 1967). In it, Tate provides an elegant and unified
treatment of the analytic continuation and functional equation of the L-functions
attached by Hecke to his GroBencharaktere in his pair of papers [7]. The power of
the methods of abelian harmonic analysis in the setting of Chevalley’s adeles/ideles
provided a remarkable advance over the classical techniques used by Hecke.! A
sketch of the analogous interpretation of classical automorphic forms in terms
of nonabelian harmonic analysis—automorphic representations—is given in the
next chapter. The development of the theory of automorphic representations for
arbitrary reductive groups G is one of the major achievements of mathematics of
the later part of the twentieth century. And, of course, this development is still
under way, as is evident from the later chapters [6]. In hindsight, Tate’s work may
be viewed as giving the theory of automorphic representations and L-functions of
the simplest connected reductive group G = GL(1), and so it remains a funda-
mental reference and starting point for anyone interested in the modern theory of
automorphic representations.

These articles have two main goals. The first is to give a unified treatment, fol-
lowing Tate, of the analytic properties, analytic continuation, functional equation,
etc., of the L-function L(s, x) attached to any Hecke character x for any number
field. The second is to introduce the point of view and techniques of represen-
tation theory of adele groups in the simplest case. For example, the progression
from local results to global results and the role played by uniqueness theorems for
eigendistributions is rather typical in this business. The following chapters provide
only a sketch and the reader should consult more extended sources for details.
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the recent book of Valenza and Ramakrishnan [11]. In the present condensed
survey, I more or less follow the approach sketched in Weil’s 1966 Bourbaki talk
Fonction zeta et distributions [12, 14], which places a greater emphasis on the
equivariant distributions which are only implicit in Tate’s original work. Weil’s
commentary on [14, Volume III, p. 448] is also of interest.

1 Adeles, idéles, and Dirichlet characters

As a motivation for the role played by the ideles and quasicharacters, consider the
following description of classical Dirichlet characters.
For a positive integer N, a classical Dirichlet character x e Z — Cmodulo N

is a function obtained from a character xy : (Z/NZ)* — C* by first extending
by O on Z/NZ and then pulling back to Z. We will call xx a Dirichlet character.
If N | M, then xu defines a character xp = xn oprm,n of (Z/MZ)*, by pulling
back under the projection

prywv : (Z/MZ)* — (Z/NZ)*, N |M,

and there is an associated classical Dirichlet character X modulo M as well. The

inverse limit of the system {(Z/NZ) ™, pry, n } is the compact, totally disconnected,
topological group?
Z* :=1lim (Z/NZ)",

PI—
N

and every Dirichlet character xy can be viewed as a continuous character x of
7% . The conductor of X_is the smallest Ny for which x is trivial on the kernel of
the projection pry, : Z* — (Z/NoZ)*. Then Ng | N and y is the pullback
of a unique Dirichlet character xy, of (Z/NoZ)*. The collection of classical
Dirichlet characters x M for M | Ny all correspond to x, where x No is the unique

primitive classical Dirichlet character, and the others are imprimitive. An analogous
phenomena takes place in the dictionary between classical holomorphic modular
forms and automorphic representations of GL(2), where the normalized newforms
play the role of the primitive classical Dirichlet characters.

ZRecall that this is, by definition,

Z* ={(xn) € [|@/IND* | pri,w(xm) = xn ).
N

The product of the finite groups (Z/NZ)* is compact and hence so is the closed subgroup Z*.The
projection maps
pry : 2% — (Z/NZ)*

are all surjective and continuous.
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Recall that, for a fixed prime p,

Zp:=lim Z/p"Z

={a=ay+aip+ap’+---10<a; <p-—1},
Z, ={a€Zp| a#0},

Qp={a=) ap')

l

and so on.
Recall that the adele ring A of Q is the restricted product?

A=Rx[]Q,
p

with respect to the subrings Z,. AlsoQ — A, a — (..., o, o, «, ... ), embedded
diagonally, is a discrete subring. Similarly, the idele group is the restricted product

A =TT
v

with respect to the subgroups Z; , there is a diagonal embedding Q> — A*, and
there is a decomposition

A* ~ Q* xRix,Z\x, X = atu. (1.1)

From this last decomposition, we see that any Dirichlet character x defines a
continuous character

w: Q\AX — C*, w(x) = w(atu) = x(u).

The most general such quasicharacter4 has the form w - | |*, for s € C, where
|x| = |atu| = t. Thus, the Dirichlet characters are precisely the quasicharacters
of finite order.

Note that, since

(Z/NZ))< =H(Z/p"Z)x, n=n, =ord,(N),
p

any Dirichlet character xy has a factorization
XN = ®p (XN)p,
where (xn)p is a character of (Z/p"7Z)> . This gives rise to a factorization

X =8pXp

3 Almost all components of an element (x ) must lie in the subring Z,.
4A continuous homomorphism to C* is called a character if it takes values in Cl,ie., ifitis unitary.
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of the corresponding character x of 7, where each Xp 1s the character of Z;,‘
associated to (xn ) p. Note that, for each place v, i.e., for each Q, and for Qo = R,
we have an inclusion

QX > QA xy> (.., 1L, 1L,x,1,1,...).

Thus, any quasicharacter w determines quasicharacters w, of each Q.°, and there
1s a factorization
w = Q, wy (1.2)

compatible with the previous one.

Exercise: (i) Check that an odd classical Dirichlet character x mod N (i.e.,
Xx (—a) = —x(a)) yields a character w such that wso (x) = sgn(x)_= x/|x|.
~ (ii) For w associated to a classical Dirichlet character Xy modulo N, determine
wp (p) for primes p { N and for primes p | N.

2 L-functions for quasicharacters

For k a general number field (or function field over a finite field),’ there is a similar
picture. We will use the following notation:

O = ring of integers in k,
O, = its completion at a nonarchimedean place v (= a dvr),
P, = the maximal ideal of O,,
w, = a generator of P,,
F, = O, /P, = the residue field at v,
gy = |Oy/Py| = its order,
ord, : k, — Z U {00}, the valuation, with ord,(w,) = 1,

x|y :=qy ordy(x) " the normalized absolute value,

O,° = the group of units,

and so, O x Z = kX, (u,n) +— uw, . Foran archimedean place v with k, >~ R
(resp., ky, =~ C), let |x|, denote the usual absolute value (resp., the square of the
usual absolute value).

Then we have restricted products, the adeles,

A= I‘[’k,, and the ideles,  AX = ]']'k;‘,
v v

with diagonal embeddings k < A and k* < AX. Here restricted means that for
x = (..., %y,...)1n A (resp., A*), almost all components x, lie in O, (resp.,

SWe will exclude this case, simply to avoid the extra side comments it would require.
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O.). There is an absolute value

oA —RY Jxl=][]h,
v

which is trivial on k* (the product formula). The decomposition (1.1) becomes
more complicated due to (i) global units and (ii) the nontriviality of the ideal
class group. These are precisely the difficulties which Hecke had to work hard to
overcome and which, by contrast, the adélic formalism handles so beautifully. In
any case, there are inclusions

iyt ky > K\AX, o= (.1, L x,,1,1,.000),
as before.

Definition 2.1. A quasicharacter or Hecke character is a continuous complex
character w : A — CX, trivial on k*.

An explanation of the relation between this definition and the classical notion
of Hecke character described in Kowalski’s article [8] is given in Section 5 below.
There is a factorization

w = ®U wv,
where w, = w o i,.

Definition 2.2.
(i) For a nonarchimedean place v, a quasicharacter w, : k;; — C* is unramified
if it is trivial on O}, and hence can be written in the form

ord, (x)

wv(x) = tv

fort, = t,(wy) € C*.
(i1) A quasicharacter w of k*\A> is unramified at v if its local component
wy = w o i, at v 1s unramified.

For any w, there is a finite set of places S = S(w), including all archimedean
places6 such that w, is unramified for all v ¢ S. For example, in the case k =
Q discussed in the previous section, if @ is associated to a primitive classical
Dirichlet character x N modulo N, then S(w) = {oo}U{p | p IN}. Thus, associated
to w is a collection of complex numbers {t,(w)}y¢s. For example, for s € C,
the quasicharacter w;(x) = |x[, is everywhere unramified and determines the
set {g,°}.

Definition 2.3. The (partial) L-function associated to a quasicharacter w is the
Euler product

L3, 0) = [ [ = t(@)g;") 7", (EP)

vés

6Where the notion of “unramified” is not defined.
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where S O S(w). The factors

Ly(s, wp) = (1 = t,(w) g;°) 7!

are the local L-factors associated to the w,’s.

Of course,
L%(s, w) = L°(0, way),

so we could dispense with s in the notation. Usually, we will prefer to keep s and
to assume that w is a character instead. In this case, the Euler product is absolutely
convergent in the half plane Re(s) > 1.

The main goals are to prove the analytic properties of these functions, i.e.,

1. to “complete” the partial L-function L5 (s, w) by including additional local
L-factors for the primes v € S, for example, for the archimedean places,
and

2. to prove the meromorphic analytic continuation and functional equation of
the completed L-function.

These goals will be achieved by interpreting the local L-factors (resp., the global
Euler product) as constants of proportionality between two naturally constructed
basis elements of a one-dimensional complex vector space of distributions!

3 Local theory

Eigendistributions

We fix a place v of k and, to streamline notation, we write F' = k,. Let dx (resp.,
d* x) be a Haar measure on F (resp., F'*). Observe that, fora € F*,

d(ax) = |a|dx

for the normalized absolute value, as defined above. Note that one then has d*x =
i |x|~! dx for some positive constant . Also, for s € C, let

ws(x) = |x|°

be the associated character. Of course, wo is the trivial character. If v is nonar-
chimedean, we write O = O,,, P = P,, ¢ = g, etc. In this case, the character w;
is unramified and only depends on the coset

2mi
log(q)

s+
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Let

S(F) = the space of Schwartz-Bruhat functions on F.

S(F)" = the space of tempered distributions on F, i.e.,

the space of continuous linear functionals A : S(F) — C.

Examples.
(1) For F nonarchimedean, a complex valued function f on F is in S(F) if and
only if there is an integer r > 0, depending on f, such that

supp(f) C P~ (compact support)
and
f = constant on cosets of P’ (locally constant)

The space S(F) is simply the complex vector space of all such functions and the
tempered distributions are arbitrary C-linear functionals on S(F').

(ii) For F = R (resp., C), S(R) is the usual Schwartz space’ consisting of
complex valued functions which, together with all of their derivatives, are rapidly
decreasing, e.g.,

Fx) = h(x)e™ ™ (resp., f(x) = h(x, ¥) e~ 2"*¥),

for any polynomial & € C[X] (resp., h € C[X, Y]). This is a Frechét space, and
the tempered distributions are the continuous linear functionals on it.
The multiplicative group F* acts on S(F) by

r(a)f(x) = f(xa),
forx € Fanda € F*, and on S(F)' by
(r'@h, f) = (&, r@ ),
where (, ) denotes the pairing of S(F)’ and S(F).

Definition 3.1. For a quasicharacter w of F*, let
S'(w) ={r e S(F) | r'(a)A = w(a)A}

be the space of w-eigendistributions.

The space S’(w) can be analyzed “geometrically”’. Note that there are two orbits
for the action of F'* on the additive group

F={0}UF~.

7 A nice reference for the archimedean theory is the book of Friedlander [4]. For the nonarchimedean
case, see [1].
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Associated to this we have an inclusion
CX(F*) — S(F),

where CJ°(F™) is the space of C*°-functions with compact support in F*. By
duality, there is an exact sequence of distributions

0 — S(F)y — S(F) — CX(F*) —> 0, (3.1)

where S(F), is the subspace of distributions supported at 0. This sequence is
compatible with the action of F'*. Taking the w-eigenspaces, we have the sequence

0 — S'(w)o — S'(w) — CX(F*) (w), (3.2)

where S’(w)o is the space of w-eigendistributions supported at 0. First, one has the
following simple uniqueness result:

Lemma 3.2. The space C°(F*) (w) is one dimensional and is spanned by the
distribution w(x) d* x. In particular, for any A € S’ (w), there is a complex number
¢ such that

)‘|C§°(F") =c -wkx)d*x,

i.e., if supp(f) C F* is compact, then
A, fl=c- fx)o(x)d™x.
FX

It remains to determine the space S(F); of tempered distributions supported at
0 and the subspace S’(w)o. The delta distribution §p defined by

(80, f) = £(0)
is obviously F *-invariant and supported at 0.

Lemma 3.3.
(1) If F is nonarchimedean, then

S(F)y = C -8 C §'(wo),

where wy is the trivial character. For w # wo, S'(w)o = 0.
(i) If F = R, then,® setting D = &,

o0
S(F)y = @ C - D*s,
k=0

and

D*sy € §'(w),

81n the archimedean case, we give only the F* -finite distributions here.
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where
w(x) = x7k,
(iii) If F = C, then, setting D = % and D = %,
w —-—
S(F), = €5 C- D*D's,.
k, =0
Moreover,
D*D'sy € S’ (w),
where

w(x) = xkx

The fundamental local uniqueness result, whose proof we will sketch, is the
following.

Theorem 3.4. For any quasicharacter w of F*,
dim S’ (w) = 1.

Remarks.

(i) When S’ (w)g = 0, i.e., when there are no w-eigendistributions supported at
0, the reasoning above shows that the dimension of S’(w) is at most one, so that
only existence is at stake. This amounts to showing that the distribution w (x) d* x
in Lemma 3.2 can be extended to an w-eigendistribution on S(F). This will be
established via local zeta integrals below.

(ii)) When S’ (w)o # 0, the problem will be to show that the distribution w (x) d * x
does not extend to an w-eigendistribution. This more delicate fact also comes out
of the analysis of local zeta integrals.

Example. Suppose that F is nonarchimedean. If w is a ramified character, then
S’ (wws)g = 0, so that
dim S (wws) <1
for all 5. If w is unramified with w(x) = ") as above, then, by Lemma 3.3,
2 ift-g7¥ =1,and

dim S’ (ww;) < )
1 otherwise.

Zeta integrals

For a character w of F*, i.e., a unitary quasicharacter, the local zeta integral
i )= [ fweemds = [ f@emutan 63
Fx F

1s absolutely convergent for all f € S(F) provided Re(s) > 0. Here d*x =
wlx|~Vdx, as before. In this range, the distribution f +— z(s, w; f) defines a
nonzero element

2(s, w) € §'(wwy).
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The unramified local theory

Suppose that F is nonarchimedean and suppose that w is unramified, with w (w) =
t. If f has compact support in F*, then the integral

fx) wws(x)d™ x
FX

is entire. The idea, then, is to kill the support of an arbitrary f € S(F’) by applying
a suitable element of the group algebra Z[ F ], more precisely, the element

r=[1]-[@7], (3.4)

where @ is a generator of P. Since any f € S(F) is constant in a sufficiently
small neighborhood, say P’, of 0, we have, for any x € P" +1

("(f)f)(x) = f(x) — f(xw_l) = 0.
Thus, there is a distribution
ZO(S, Cl)) € S'(wws)

defined by

(20(s, @), f) = fpx (r (@) f)(x) wws(x) d*x. 3.5)

On the other hand, in the halfplane Re(s) > 0, where it is not necessary to kill
support to have convergence,

Gots,0). ) = [ ()= f@ ") wan) s

= f(x) wwg(x)d™x — (@ %) wws(x) d*x
FX* FX

= (1 —wos(@)) - 2(s, w; 1)
=(1=-1g97") z2(s,w; [)
=L(s,0)”" - (25, 0), f).
Strictly in terms of distributions, this says that, for Re(s) > 0,
2(s, w) = L(s, w) - 2,(s, w), (3.6)

and, hence, the expression on the right-hand side gives the meromorphic analytic
continuation of z(s, ) to the whole s plane. Moreover, (3.6) provides an interpre-
tation of the local L-factor as a constant of proportionality between natural bases
for the one-dimensional space S’ (wwy), away from the poles of L(s, w).

Finally, to see why the distribution z,(s, w) is “natural,” we normalize the
multiplicative Haar measure d*x so that the units O have volume 1. Then,
we let

f° = the characteristic function of O, (3.7)
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the ring of integers in F, and compute:

(zo(s, @), f) =/ (f0@) = f(@™ %) wws(x) d>x (3.8)

X

=f d*x

=1,

forall s. The pointis that 7 (t) £ is the characteristic function of O . Thus, z, (s, @)
is never zero and gives a basis vector for S’ (wwy) for all s.

Remark (the L-factor as greatest common denominator). Relations (3.6) and
(3.8) together show that L(s,w) gives precisely the poles of the family of zeta
integrals (3.3). More precisely, for any f € S(F), the function

(s, w; f)

Lo (2o(s, @), f) (3.9)

is entire and that, for any given s, there is an f (specifically f°) for which the
value of (3.9) at s is nonzero.

Example. To complete the proof of Theorem 3.4 in the unramified case, there is still
one point to check, namely that the space S’(wp) of invariant distributions, which
contains z,(0, wp) and has dimension at most 2, is actually only one dimensional.
Here is the argument. There is an exact sequence of distributions

0— C-§p — S(F) — CX(F*) — 0 (3.10)

and, passing to wg-eigendistributions, i.e., F'*-invariant distributions, we have
0— C-8) —> S'(wg) — C-d*x. (3.11)
The point now is to show that, although d*x is in the image of the quotient map
in (3.10), it is not in the image of the quotient map in (3.11), i.e., the preimage of

d*x in S(F)’ is not invariant.
Explicitly, the distribution Ao € S(F)’ defined by

(ho, f) :=(d*x, f = f(0)f°) (3.12)
gives a preimage of d* x in S(F)’, which is clearly invariant under O* (since f°

is) and satisfies (Ao, f?) = 0. The distributions ' (@ )Ao and Ag agree on CZ°(F )
and hence differ by a distribution supported at 0, i.e.,

r'(@)io = Ao + ¢ bo,
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for some constant c. To determine ¢ (which would be O if Ay were actually F*-
invariant), we evaluate on f°, using the group algebra element 7, as above:

¢ = (r'(@)ro — o, f°)
= — (Ao, r(r) f°)
= — (d*x, r(z) f°) (3.13)
= —(2,(0, wo), f)

= —1.

Thus, on the two-dimensional subspace of S(F)’ spanned by A and &g, F* acts

by the representation
1 — ord(x
o(x) =( ; ( )). (3.14)

This finishes the proof of Theorem 3.4 in the unramified case.

The ramified local theory

Suppose that F' is nonarchimedean and that w is ramified, hence nontrivial on O*.
The conductor c(w) of w is the smallest integer ¢ such that w is trivial on 1 4 P¢.
Since any f € S(F) is constant in a neighborhood of 0, the integral

f f(x) wws(x)d™x
Fx_’Pn

is independent of n for n sufficiently large. This gives the entire analytic continu-
ation of z(s, w; f) to the whole s plane and hence gives a basis vector

20(s, w) := z(s, ), (3.15)

for the one-dimensional space S’(ww;) for all s. This finishes the proof of Theo-
rem 3.4 in the ramified case. We set

L,(s,w)=1 (3.16)
in this case, and we note that, for
-1 ifx € ©%, and
Folx) = {‘”(") fxetan (3.17)
0 otherwise,

we have

(zo(s,w), f°) = 1.
Thus the gcd property (3.9) again holds.
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The archimedean case

In this case, it is the whole Taylor series at 0 of the function f which accounts for
the poles of the zeta integral z(s, w; f), rather than just the value f(0) which arose
in the nonarchimedean case; cf. [2, Proposition 3.1.7, p. 271]. It is easy to obtain
the analytic continuation of the zeta integral z(s, w; f) by integration by parts.

Here we just summarize the results, using the normalizations of [13]. The con-
vention that w is unitary is dropped in order to obtain particularly concise expres-
sions.

If F = R, any quasicharacter has the form ww; where s € C and

w(x) =x"9, a=0, 1. (3.18)
Let
L(s,w) =n"1 r(%). (3.19)
If F = C, any quasicharacter has the form ww; where s € C and
w(x) =x"%%"b, a, beZ, min(a, b) = 0. (3.20)
Let
L(s, w) = Qo)™ T'(s). (3.21)

Proposition 3.5.
(1) The distribution

20(s, w) := L(s, a))“1 (s, w)

has an entire analytic continuation to the whole s plane and, for all s, defines a
basis vector for the space S’ (wwy).

(ii) If

falx) := x%e™Tx if F =R, and

ffx) = [fa,b(x) — x gb o~ 2mxx if F = C,
then

(Zo(s, @), f°) = L.

Note that we are using the measure d*x = |x|~!dx, where |x| is the usual
absolute value (resp., |x| = xx)and dx is Lebesque measure (resp., twice Lebesque
measure) when F = R (resp., F = C). For (ii), see [13, Lemma 8, p. 127].

Remark. In effect, the zeta distribution z(s, w) has a meromorphic analytic con-
tinuation in s with simple poles at certain nonpositive integers. For example, when
F = R, the poles occur at the points —r € Z<o with r = a mod (2), and the
residues are
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Res z(s, w) = ¢, D"y, (3.22)

S=—r

with a nonzero constant ¢,. Here D is as in Lemma 3.3. The constant term in
the Laurent expansion of z(s, w) at s = —r gives an extension to S(F) of the
distribution x ™" d*x on C°(F*). A simple calculation, like (3.9), shows that this
extension does not lie in the space S'(ww_,). In the case F = C, the residue
at s = —r lies in §'(ww_,), where ww_,(x) = x~ % "x~P=" and is a nonzero
multiple of D4+" Db+7 5.

Fourier transforms

Fix a nontrivial character ¥ of the additive group F = F7, and identify F with
its topological dual character group

ﬁ := Home¢ont(F, Cl)s
by
F= F, y > (x> ¥(x)).

For F nonarchimedean, the conductor v(y) of i is the largest integer v such that
¥ is trivial on P77,
The Fourier transform

fo) = fF FO) ¥ (xy) dy

of a function f € S(F) is well defined and again lies in S(F). (This is a funga—
mental property of the space of Schwartz—Bruhat functions.) The map f > f is

an isomorphism ~: S(F) =S (F). There is a unique choice of the Haar measure,
the self-dual measure with respect to ¥, such that Fourier inversion gives

£ = (=),

Supposing ¢ to be given, we fix this choice of dx from now on. The Fourier
transform of a distribution is defined by

(A, )= (1, f).
Lemma 3.6. If A € S'(w) is an w-eigendistribution, then

re S o),

Le., Aisan w‘lwl-eigendistribution, where w1 (x) = |x|.

Proof. An exercise! O

e —

By the uniqueness result, Theorem 3.4, it follows that z,(s, w) 1s a constant
multiple (depending on s and on ¥) of z,(1 — 5, 0™ 1).
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Corollary 3.7 (the local functional equation).

——

2o(1 =5, 07 1) = €(s,w, ¥) 2o(s, ®) (3.23)

for a nonzero constant €(s, w, V), the local epsilon factor, depending on s, w,
and .

Remark. For a given f € S(F), the local functional equation can be written as
the relation

1—' _1, f ’ 5
Wososf oo e (324
LA —-s,0h L(s, )
or, alternatively, as
A L(1—s, w0}
21— 5,070 f) = €5, 0, ) = L s ), (25)
L(s, w)
where the constant of proportionality
L -s,07h)
y(s,w,¥) =€(s,w, ¥) : (3.26)
L(s, w)

which can now have zeroes and poles, is called the local gamma factor. This is the
more traditional formulation, while that in Corollary 3.7 is emphasized in [12].

Various important properties of the e-factor €(s, w, ¥) can be obtained from
relation (3.23). For example, if f is the standard function with respect to w, then,
evaluating both sides of (3.23) on f yields the useful identity

(s, , ¥) = (z,(1 — 5,07 1), F0). (3.27)
By construction, the zeta distribution satisfies
(s, wwy) = 72(s + 1, ).
Since the local L-function is also required to have this property, we have
Zo(s, wwy) = Zo(s + 1, )

as well. The standard function f° does not change under multiplication by w;.
This implies that

€(s, 0w, ¥) =€(s +t, 0, V). (3.28)
For B € F*,let yg(x) = ¥ (Bx). If dx is the self-dual measure with respect
to ¥, then | ,B|% dx 1s the self-dual measure with respect to ¥rg. If f is the Fourier

transform of f € S(F) withrespect to {, then |8 I% r(B) f 1s the Fourier transform
with respect to Y5 as always for the self-dual measure. Thus, inserting this on the
right side of (3.27), we obtain

(s, o, Yp) = BE20(B) €(s, w, ). (3.29)
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The following result gives explicit values for the e-factors. Using the two rela-
tions (3.28) and (3.29), it suffices to compute these factors with both ¥ and w in
“standard”’ form.

Recall that, in the nonarchimedean case, v = v(y) is the conductor of v . In the
archimedean case, the “standard’’ choice

et if F =R,
V(x) = i 43) ifF=C (3.30)

where, for a real number ¢, e(t) = e2™! has self-dual measures the measures
described after Proposition 3.5.
Proposition 3.8.

(1) For F nonarchimedean, w unramified, and v({) = v:

€5, 0, ¥) = w(@")g T~

(i1) For F nonarchimedean, w ramified with conductor c, and v({¥) = v,

€5, 0, ¥) = (@ )g @O0 g(o, ),

where g(w, V) is the Gauss sum:

g, ¥) = q209 f o™ (y) (@™ "Yy) dy.

OX
with dy the self-dual measure on F with respect to .
(iii) For F = R, write w(x) = x™% witha = 0, or 1 and let  be as in (3.30).
Then
(s, w, ¥) =i

(iv) For F = C, write w(x) = x %x~%, for a, b € Z with min(a, b) = 0 and
let Y be as in (3.30). Then

(s, w, w) — imax(a,b)‘

Proof. By (3.27), one has to compute the Fourier transform of the standard function
f° for w, where the character { can be taken to be standard. For example, in case (i),
f¢ is the characteristic function of O, and, assuming that v(y/) = 0, ?\0 = f°.This
gives €(s, w, ¥) = 1 in this case. The general unramified case is then immediate
via (3.29).

In case (ii), f is given by (3.17). Then, following [13, Proposition 13, p. 131],

foay = /o T ) Yy dy
vanishes unless ord(x) = —v — ¢ where ¢ = c¢(w) is the conductor of w. In fact,

Fo(x) = g(w, ¥) g~ 2%+ Fo(mviex), (3.31)
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where
8w, ) = g2+ /0 T Y@y dy. (3.32)

Applying (3.32) twice yields g(w, ¥) g(w, ¥) = 1. Since F is the standard func-
tion for w™!, we obtain

G(S, w, '(/f) o w(w.V+C)g(w, w.) q(%—s)(v—}-c).
In case (iii), we compute, for f° = f,, as in Proposition 3.5,

fox) = fR ¥ e e(xy) dy

= (2mi)™ D;fl / e~ e(xy) dy } (3.33)
R

= Qi) "D { e
=i fa(x).

Since f, is also standard for ™! = w w,, we obtain (iii).

In case (iv), we have f° = f,, as in Proposition 3.5. Then, recalling that
min(a, b) = 0,
Fap(x) = /C 3" e e(xy + %3) dy
= (27i)™*D? 2mi)~*D? { / e 2 e(xy + Xy)dy } (3.34)
C

= (2ni) D¢ Qmi)y P Dl {7}

=i fi, 4 (x).
Noting that f} , is the standard function for w1 (x) =¥ xb |x|9?, we obtain
the claimed value. More details can be found in Tate’s thesis or in [13]. O

4  Global theory

Distributions

Returning to the number field k with its adele ring A, we define the space S(A)
of Schwartz—Bruhat functions on A. This space contains all functions of the form

f - ®va»

where f, € S(ky) for all v and f, = f?, the characteristic function of O,, for
almost all v. Note that

fe =J]A@)
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1s then well defined, as almost all factors are 1. The finite linear combinations
of such factorizable functions are dense in S(A). Again, S(A) is the space of
tempered distributions, i.e., continuous linear functionals on S(A).

Lemma 4.1. Suppose that {A,} is a collection of local tempered distributions
Ay € S(ky)' such that, for almost all v, (A, f°) = 1. Then there is a unique
tempered distribution A = ®,A, on S(A), defined on factorizable functions by

(&, £y =[] £0).

v

Conversely, if . € S(A)’ is nonzero, choose a factorizable f suchthat A(f) = 1.
Then, for any place v, we write

f=fv®fv, fv=®w;évfw,
and we define a map
S(ky) — S(A), v & ® fY,

by just varying the v component. Thus, we obtain local distributions

(Av, gv) = (A, 80 ® fv>,

with (A, f?) = 1 for almost all v, and A = ®,A,.

The idele group A* acts on S(A) and S(A)’, and, for a quasicharacter w of A%,
trivial on k*, we let §'(w) be the space of w-eigendistributions. The factorization
w = ®yw, of the global quasicharacter gives rise to the decomposition

S,(w) = ®vS;(wv),

where we write S, = S(k,)’. The local uniqueness Theorem 3.4 then yields the
global uniqueness result:

Theorem 4.2. For all quasicharacter w of A%, the space of global w-eigendistri-
butions S'(w) has dimension 1. For any s € C, the space S’ (ww;) is spanned by
the standard ww;-eigendistribution

2o(s, ) 1= QyZo(s, wy).

Global zeta integrals and the completed L-function

For a character w of k*\A* and a function f € S(A), we can define a global zeta
integral by

(s, w; f) =/A f(x) wws(x)d™x. 4.1

If f is factorizable, this is a product of the corresponding local integrals

2(s, 5 f) = [ ] (s, wu; ). (4.2)
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A key point here is that this integral converges precisely when the product of the
local integrals converges. But, since there is a finite set of places S such that for
v ¢ S, w, is unramified and f, = fJ, we obtain convergence whenever the
product

LS(s, w) = l—l Ly(s, wy)
vgS

is absolutely convergent, i.e., in the half plane Re(s) > 1.
In terms of distributions, in the half plane Re(s) > 1, we have z(s, w) =
®vz(s, wy), and

(s, w) = A(s, ) - 2o(s, ), (4.3)

where we define the complete L-function

A(s, ®) = l_[Lv(s, w), (4.4)

now including all local L-factors, and
2o(s, ) = QuZo(s, wy), (45)

is the standard ww;-eigendistribution defined above. Thus, in the half-plane of
convergence, the complete L-function can be viewed as a factor of proportionality
between two “natural” global eigendistributions.

Fourier transforms and the global functional equation

We fix a global additive character ¥ of A, trivial on k. By restricting to local
components, we can write

yx) =[] vt

For each nonarchimedean place v, the conductor v, := v(¥,) of ¥, is defined.
We then get an identification of A with its continuous character group, compatible

with those defined by the components ¥, in the local cases. We define a global
Fourier transform

~: S(A) — S(A),
compatible with the local ones, i.e., if f is factorizable, then
f = Qyu f v
The y-self dual measure dx on A can be written as a product of the ¥,-self dual
measures on the k,’s. We define the Fourier transform of a distribution as before.
The desired analytic continuation and functional equation of the complete L-

function A (s, ) will follow from the conjunction of (i) the proportionality (4.3),

(ii) the local functional equations of the z,(s, w,)’s and (iii) the following global
identity:
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Theorem 4.3. The distribution 7(s, ), defined by the global zeta integral (4.1)
for Re(s) > 1 has a meromorphic analytic continuation to the whole s plane and
satisfies the functional equation

—

z(1 =5, 071 = z(s, w).

Assuming Theorem 4.3, we immediately obtain the corresponding analytic con-
tinuation of A (s, ) from (4.3), since the “normalized’ global distribution z, (s, @)
is entire. Recall that the local functional equations have the form (3.13):

—

Zo(1 — 5,05 1) = €,(s, 0y, ¥) 20 (s, wy),

where €, (s, wy, ¥y) 1s given explicitly in Proposition 3.7. Note that almost all of
the €, (s, wy, ¥y)’s are 1, so we can define the global epsilon factor

e(s,0) = [ euls, v, ), (4.6)

and obtain the functional equation

e —

2o(1 =5, 07 1) = €(s, w) 7, (5, W), 4.7)

by taking products of local ones. Here the additive character ¢ has been omitted
from the notation since, in fact, the product no longer depends on the choice made!
This is due to the relations (3.29) for all places v, the fact that every global additive
character has the form v, for 8 € k™ for a given nontrivial ¥, and the product
formula. Then,

Ad =507 2,0 =5, 071) = 2(1 =5, 0~1)
= z(s, w) (4.8)

= A(s, @) - 20(s, w).
Substituting relation (4.7) in the first expression in (4.8) yields
Al =5,071) - €(s5,0) - 2o(5, 0) = A(s, ©) - 205, ). (4.9)

But, finally, the distribution z,(s, w) is nowhere zero by construction, and so we
obtain the functional equation:

Corollary 4.4.
AGs, @) = €(s, ) - A(l —s, 0™ D).

Finally, the proof of Theorem 4.3 comes down to Riemann’s classic argument
based on Poisson summation! For this very standard calculation, we refer the reader
to Tate’s thesis, pp. 339-341, Weil [13, pp. 121-124], or Bump [2, pp. 267-270].
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5 Examples

Here we will be very brief.
For a number field k& and a (unitary) character v = ®,w, of A* /K>, let

m = ]_[plc)u(w)’ (5.1)

where the product is taken over nonarchimedean places and ¢, (w) = ¢, (wy) is the
conductor of w,. Thus, for a finite place v, p, { m if and only if w is unramified at
v. We can define a character x of Iy, the group of fractional ideals of k prime to
m by putting x (p,) = wy(@y). Since w, is unramified, this value is independent
of the choice of local generator w,. Let

ki ={ce€ek”|a=1 mod (m)}, (5.2)

where the condition « = 1 mod (m) means that ord, (e — 1) > ¢, (w) for all v
with ¢, (w) > 0 and no condition is imposed on « at other places. Let Py, denote
the group of principal fractional ideals («) generated by elements o € k. The
fact that w(a) = 1 then implies that

x (@) = v (@)™, (5.3)

where («) is the principal ideal generated by o and weo = [],, prep, @v is the
archimedean part of w. Thus, a character w determines a character x of Iy, whose
restriction to Py, is given by evaluation of an archimedean character on a generator
of the ideal.? Since P, has finite index in Iy, there are a finite number of such
characters with a given conductor and a given archimedean part. For a fixed m,
this archimedean character is constrained by the requirement that if € € kX N Oy
isaunit withe =1 mod (m), then

Weo(€) = 1. (5.4)

Conversely, any w, satisfying this condition for some m determines a character of
Py, which can be extended to give a finite collection of Grossencharacters x of Iiy,.

Of course, one can recover w from a classical Hecke character y. Starting from
such a x with given archimedean type weo, 1.€., satisfying (5.3), we define unram-
ified characters w, of kJ for p, { m by setting w,(@,) = x (py). The remaining
components w, of w for v with p, | m are then determined uniquely by the con-
dition that w(a) = 1 for all @ € k*. More precisely, the weak approximation
theorem [3] implies that the image of k* is dense in the product [], ¢ k; for
any finite set of places S. The component w, has conductor at most ord, (m) and

conductor precisely ord, (m) if x is primitive modulo m, and so on.

91 believe that this is what Hecke means by the term Grossencharakter, i.e., that on (o) € Py, x
depends on the quantities (Grossen) ay € ky, for v archimedean.
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For wso = 1, we may take any m. Form = Oy, we obtain everywhere unramified
characters, i.e., characters of the ideal class group H = I/ P. For more general m,
we obtain characters of the ray class group Hy, = Iy, / Py mentioned in Kowalski’s
chapters.

The case w = 1 gives, of course, the Dedekind zeta function of the field k. This
example is explained in detail in [13, Section 6, of Chapter VII] while the case of
a more general w is explained in Section 7 of that chapter.

Exercise. Let k be the real quadratic field k = Q(V5). Then O = Z+Z ¢, where
€ = # is the fundamental unit, and O; = {*1} x {€" | n € Z}.
(1) First suppose that m = Oy. Then the character

X1 —im/loge

X2

wOO(xl’ x2) =

1s trivial on (’),’c‘ , and hence defines a Hecke character x of I by

o |in/loge
v

X(@) = 0@ = |-

Write down the corresponding Hecke L-series and its functional equation.
Next take m = (\/-5_) = ps.
(ii) Check that the group kX N O of units ¥ = 1 mod (m) is generated by
2
—€”.
(iii) Determine all characters woo : R* x R* — C* which satisfy (5.3) for m.
For example,

—im/(4loge) —in/(2loge)

X1

Woo (X1, X2) = sgn(xy) and weo(x1,x2) =

(5.4)
are two possibilities.

(iv) For a given wq, determine the local component ws for ps = m. Note that
Og /(14 Ps) ~ F< and that the global units map onto this group. Also, ws = NE
gives a local uniformizer. For example, for wy, give by (5.4), ws is the ramified
character with ws (ﬁ) = 1 and with ws(¢) = i.

(v) Determine the classical Hecke character x of I, associated to w.

(vi) Write down the associated Hecke L-series and its functional equation.
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